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Modelling and analysis of non-linear time series
S. CHENt and S. A. BILLlNGSt
The modelling of non-linear time series is reviewed and new results are introduced
byemployingsomeideasfromthe identificationofnon-linear control systems. Both
global and local conditions for stationarity and invertibility are established for the
general non-linear time-series model and it is shown how these results provide a
framework for time-series estimators. Methods of computing multistep-ahead
predictions are studied and the usefulness of polynomial models is discussed.
I. Intraduction
The theory and practice of linear time-series analysis is now a well-established field
(see e.g. Box and Jenkins 1976). Most processes encountered in the real world,
however, are non-linear to some extent, and in many practical applications non-linear
models may be required in order to achieve an acceptable predictive accuracy. For
over a decade time series analysis has moved towards the non-linear area and various
non-linear time-series models, such as bilinear models (Granger and Andersen
1978 a), linear and non-linear threshold autoregressive models (Tong 1983, Ozaki
1981), exponential autoregressive models (Ozaki 1985), state-dependent models
(Priestley 1980) and doubly stochastic models (Tjestheirn 1986), have been developed.
Practical applications have shown that non-linear models cannot only provide a
better fit to the data but can also reveal rich dynamic behaviour such as limit cycles
and bifurcations, which cannot be captured by linear models.
The present study reviews existing non-linear time-series models. By adopting the
results from the realization of stochastic control systems, a unified representation,
namely the NARMA (Non-linear AutoRegressive Moving Average) model, is
introduced. Various existing non-linear time-series models can then be viewed as
particular parametrizations of the NARMA model. Threshold time-series models are
discussed in a separate section because of their special structure.
Stationarity conditions for the general non-linear time series model are analysed
next. Unlike linear models, which are either stationary or non-stationary, stationarity
of a non-linear time series model can be a local property. The novel definitions of
global and local stationarity are therefore introduced. As a dual to stationarity,
general invertibility conditions are also investigated, and the new concepts or global
and local model-invertibility or m-invertibility are proposed. It is shown how these
new concepts provide important implications for the estimation of polynomial time-
series models, and this provides a new perspective on previous results that questioned
the usefulness of such models (Granger and Andersen 1978 a). The computation of
multi-step ahead predictions and the application of some of the concepts to the annual
sunspot numbers is also included.
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